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Abstract 

In  this  paper^  aii  existence  theorem  for 
the  exterior  Dirichlet  problem  for  the  re- 
duced wave  eqioation  vlll  be  given  for  piece- 
vise  smooth  surfaces. 
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1.   Introduction 

There  are  three  exterior  boimdary  value  problems  which  are  well  known 
in  potential  theory  (AU  =  O)  and  in  the  theory  of  the  reduced  wave  equation 
(alt  +  k  U  =  0,  k  >  O):  the  Dirichlet  problem  (the  value  of  U  is  prescribed  on 
a  closed  smooth  surface.),  the  Neumann  problem  (-^  is  prescribed)  and  the  third 
boundary  value  problem  (-v-  +  6U  is  prescribed).   In  all  cases,  it  is  possible 
to  reduce  the  problem  to  integral  equations  and  to  give  the  solution  as  the  sum 
of  a  single  and  a  double  layer  function     [l"^] • 

However,  if  the  smoothness  of  the  boundary  surface  is  dispensed  with, 
the  integral  method  in  its  usual  form  is  no  longer  applicable.   In  potential 
theory,  several  methods  have  been  used  to  remove  this  difficulty'-  ^  .   In  deal- 
ing with  the  reduced  wave  equation,  one  encounters  an  additional  difficulty, 
as  the  radiation  condition 

^  =  ikU  +  o(-)   ,   for  large  r 

has  to  be  satisfied. 

It  can  be  shown,  however,  that  for  a  large  class  of  piecewise  smooth 
surfaces  (regular  surfaces),  the  integral  method  can  be  extended,  using  a 
Banach  space  instead  of  the  space  of  continuous  functions.   It  is  the  aim  of 
this  paper  to  give  an  existence  theorem  for  the  Dirichlet  problem  of  the  re- 
duced wave  equation  for  regular  surfaces  using  this  method. 

In  Section  1  ,  we  make  the  necessary  assumptions  for  the  underlying 
surfaces  and  give  some  properties  of  functions  to  be  used  later.  Section  2  gives 
a  uniqueness  theorem.   In  Section  5,  we  set  up  and  discuss  the  integral  equa- 
tions. Finally,  in  Section  k,   we  give  the  existence  theorem. 


2. 


Let  G  be  a  boimded  domain  in  the  three  dimensional  Euclidian  space.   Let 
n  be  the  closed  surface  of  G   ,  and  G  be  the  exterior  of  G   .   If  it  is  neces- 
sary  to  distinguish  between  the  different  sides  of  Q,,   we  do  so  by  indices  + 
(exterior)  and  -  (interior).   The  normal  vector  of  i7  (if  it  exists)  is  directed 
towards  the  exterior.   Let  Q,   be  orientable  and  regular  in  the  following  sense: 
(See  Kellogg L5J .) 

Definition  1:   A  regular  curve  is  continuous,  has  no  double  points,  has  finite 
length  and  consists  of  a  finite  number  of  continuously  differentiable  arcs. 

Definition  2;   A  regular  surface  element  is  a  set  of  points  which,  for  some 
orientation  of  the  axes,  admits  a  representation 

z  =  F(x,y)    ,    (x,y)  i     G  . 
F(x,y)  is  twice  differentiable  in  G.   G  is  a  closed,  finite  region  of  the  (x,y)- 
plane,  bounded  by  a  regular  curve.   Furthermore,  -it  is  possible  to  continue  the 
surface  element  beyond  its  boundary  such  that  the  same  representation  holds  for  a 
larger  domain  -  the  boundary  points  of  the  element  now  being  interior  points  of 
that  larger  domain. 

Definition  J:  A  reguleir  surface  is  a  set  of  points  consisting  of  a  finite  num- 
ber of  regular  surface  elements  related  as  follows : 

1.  Tvfo  regular  surface  elements  may  have  in  common,   at  most, 
either  a  vertex  or  an  edge. 

2.  Three  or  more  of  the  regular  surface  elements  may  have,  at 
most,  vertices  in  common. 

3.  Any  two  of  the  regular  STorface  elements  are  the  first  and 


last  of  a  chain,  such  that  each  has  an  edge  in  conmon  with 

the  next. 
k-.   All  the  regular  surface  elements  having  a  vertex  in  common 

form  a  chain  such  that  each  has  an  edge  (terminating  in  that 

vertex)  in  common  vith  the  next;  the  last  may,  or  may  not, 

have  an  edge  in  common  with  the  first. 
If  each  edge  of  the  regular  surface  elements  of  a  regular  surface  belongs 
to  two  of  the  elements,  the  surface  is  said  to  be  closed.   Here  an  edge  of 
a  regular  surface  element  means  one  of  the  finite  nimiber  of  differentiable  arcs 
of  which  its  boundary  is  composed.   A  vertex  is  a  point  at  which  two  edges  meet. 

Definition  h:      A  regular  point  of  a  regular  surface  is  a  point  which,  by  some 
decomposition  of  the  regular  surface  into  regular  surface  elements,  appears  as 
an  interior  point  of  a  regular  surface  element. 

Let  p  be  an  arbitrary  point  in  the  space.   Let  s  be  a  point  of  Q.   and  r(p,s) 
be  the  distance  between  p  and  s.   The  functions 


n       ikr 
(1.1)  uTp)  =   /  ^(s)  ^  ds 


and 

r  N    ikr 

(1.2)  V(p)   =      v(s)   ^  £_ds 


^E~ 


are  solutions  of  the  reduced  wave  equation   for  all  p  £  G   .  We  use  the  follow- 
ing results  obtained  in  potential  theory  '-  -I  . 


Lemma  1:  Let  [i{s)  be  continuous.  Then  U(p)  is  continuous  everywhere.  Let 
s  be  a  regular  point  of  Q.  Then  ve  get  the  normal  derivatives  of  U  in  s  by 
the  'jump  relations' 

^  p        N     ikr 

|(s)..  =  2Ms).     /  .(s-)^  ^j;^     ds.   . 


Lemma  2:   a)  Let  v(s)  be  continuous.   Then  we  get^  in  regular  points  s, 


V(s)^  =  2rt  v(s)  +     v(s')^^—  Tfe-TTT  d^ 


v(s)_  =_2«v(s)  +  J  -(^•)^  7(177^  ^''  • 

b)  Let  v(6)  be  continuous  in  regular  points;  then 

is  Holder  continuous  in  regular  points  s. 

c)  Let  v(s)  be  Holder  continuous  in  regular  points  Q,    .      Then  the 
derivatives  of  W(s)  exist  and  are  Holder  continuous  in  regular 
points  of  Q.   . 


d)  Let  v(s)  be  Holder  continuously  different! able  in  regular  points 
of  Q   .      Then  the  normal  derivative  of  V(p)  exists  in  regular 
points  of  Q.   and  is  Holder  continuous. 

Lemma  3:   Let  v(s)  be  continuous  in  regular  points.   Furthermore^  let  v(s)  be 
a  solution  of  the  integral  equation 


v(s)  =  xj  v(s.)  3_  j^j-^  as.  . 


Then  the  normal  derivative  of  V(p)  exists  in  regular  points  of  Q   and  is  Holder 
continuous . 

Next  we  prove 

Lemma  4:   The  function 


A(s)   = 


:x      ikr 
o     e 

dn  ,   r(s,s') 


ds' 


is  bounded. 

We  shall  prove  boundedness  in  non-regular  points.   Boundedness  in  regular 
points  vill  follow  in  the  same  manner  from  Lemma  2b.   Thus  let  us  assume  that 
Z^  and  Ep  are  two  adjacent  surface  elements,  with  a  near  edge  or  vertex.   Then 
we  have 


(1.3)        A(s)  S  C  + 


ikr 


dn  , 


ds'  + 


ikr 


ds' 


6. 


According  to  our  assumption,  both  Z-,  and  Ep  can  be  continued  to  E  and  Ep  such 

that  boundary  points  of  E.  become  interior  points  of  E .  •   Thus,  we  get 

J  J 


(l.M 


1a(s)I  S  C  + 


ikr 


ds'  + 


ikr 


a  ' 


ds'  g  C. 


^1  ^2 

using  the  jump  relations  (Lemma  2a).   This  proves  Lemma  h-. 

Throughout  this  paper,  ve  shall  interpret  the  surface  integrals  in  Lebesgue's 
sense.   Therefore,  we  shall  consider  f\anctions  to  be  equal  if  they  differ  only  on 
a  set  of  measure  zero.  As  the  edges  and  vertices  of  our  regular  surface  a  are 
finite,  their  measure  is  zero.   Thus,  we  shall  say  that  two  functions,  defined 
on  s7,  are  equal  if  they  coincide  in  all  regular  points  of  Q   . 


2.   Uniqueness  theorem 

In  this  section,  we  shall  prove 


Theorem  1:   Thei^  is,  at  most,  one  function  U(p)  which  satisfies  the  following 


conditions ; 


1.  U(p)  is  twice  differentiable  in  G  ; 

2.  In  G   U(p)  satisfies  the  differential  equation 

^   +  k^U  =  0  ;  k  >  0   ; 

5.   u(p)  satisfies  the  radiation  condition  uniformly  for  all 
directions 


au 


ikU  +  o(-)   for  large  r. 


h.      Let  g(s)  be  a  continuous  function  on  Q   .      Then  U(p)  satisfies 

the  boundary  condition  U(s)  =  g(s),  provided  that  for  il  €  G 

n    + 

and  \1  ->  n  , 


Let  us  assume  that  we  have  tvo  different  functions  satisfying  the  assump- 
tions of  Theorem  1.   We  take  their  difference  W(p)  which  vanishes  in  regular 
points  of  Q    .      Let  us  take  a  sufficiently  large  sphere  v  with  radius  R  contain- 
ing Q.   and  let  G  be  the  region  bounded  by  Q   and  E-   From  the  radiation  condition 
it  follows 


(2.1)        (|^  -  lkW)(*  .  !»)  .     o(^ 


(2-2)         /  {     \^f  -^'\<'-MM§-yfj  CIS   =   0(1)  . 


Let   Q     now  be   a  sequence   of  regular  surfaces    in  G  approaching  Q.      Then, 
by  Green's   formula,    we   get 


(2.3)  /   (wi-w*)ds    .     I  („f -s|)a=. 

n 


According  to  oior  assijmptlons^    the  limit   Q     -♦  Q  in   (2.5)   exists   and  is  equal  to 
zero.      Thiis  we  get 


(2.1.)  r    i    llll^k^Iul^  ds      =     0(1) 


According  to  a  result  obtained  by  Rellich'-  ■' ,    from 


(2.5)         /   |u|^  ds   =  0(1)    for  R 


it  follows  that  U  =  0  in  G  . 

Thus^  from  (2.4)^  'W(p)  vanishes  identically  in  G  .  This  proves  Theorem  1. 


3.   The  setting  up  and  discussion  of  the  integral  equations 
We  define  the  functions 


ikr 
1        e 


(5.1)  Q(P,S,)      =     ^     ^^j^        ,       k(p,s,)      =     ^     Q(p.s) 
which  solve   for  p   7^  s   the   differential  equation 

(5.2)  AU+  k^     =     0   . 

The  functions  Q  and  K  are  fundamental  solutions  of  our  problem.  We  shall  try 
to  construct  solutions  of  our  boundary  value  problem  with  the  help  of  these 
functions  by  integration  over  Q..      Thus  we  consider  the  functions  (  v(s)  and 
n(s)  being  continuous) 


9. 


(5.3)       U^(p)   =  J   ^(s)  Q(p,s)  ds 


and 


(3A)        UgCp)   =  J      v(s)  K(p,s)  ds  . 

a 

We  remark  that  the  function  K(p,s)  is  not  symmetric.  As  k(Pjs)  or  k(sSs) 
always  occur  in  integrals^  ve  sometimes  (to  prevent  misunderstanding)  add 
indices  1  or  2  to  K  (e.g.^K, (p^s) )  denoting  that  the  first  (or  second)  vari- 
able is  free. 

To  solve  the  Dlrichlet  problem,  we  assume  that  U  =  U„  and  get,  according 
to  Lemma  2,    in  regular  points, 

(3-5)        g(s)   =  v(s)  +  j      v(s')  K(s,s')  ds'  . 

For  (3 '5)  we  write,  symbolically, 

(3.6)        g  =  V  +  K^v 

To  solve  the  Neimiann  problem,  we  make  the  assumption  that  U  =  U  and, 
according  to  Lemma  1,  get  in  regular  points 


(3.7)        g(s)   =  -  n(s)  +  j   n(s')  K(s',s)  ds' 
For  (3.7)  we  write,  symbolically. 


(3.8)       g  =  -^i  +  K2^l 


10. 


Thus^  in  37egular  points  adjoint  integral  equations  vei^  obtained  for  the 
imknown  layer  functions  ji  and  v.  We  shall  nov  take  these  integral  equations 
as  a  "basis  for  all  points  of  Q.      Of  course^  this  is  not  possible  in  the  space 
of  continuous  functions,  as  K^v   becomes  logarithmically  singular  at  the  edges'-  ^ 
So  ve  have  to  use  suitable  Banach  spaces  for  our  discussion. 

The  folloving  results  hold  for  integral  equations  in  Banach  spaces'-  -'•''-  ^: 

1.  Let  A  be  a  transformation  of  the  Banach  space  ^.   If  A  is  linear  and 
bounded,  so  is  the  adjoint  transformation  A  of  the  adjoint  space  KJ    . 

2.  If  A  is  completely  continuous,  so  is  A  .  (An  operator  is  called  com- 
pletely continuous  if  it  maps  a  bounded  into  a  compact  sequence.) 

3.  Let  A  be  completely  continuous:  f, g  6"36  snd   F,G  f  -j^  .   Then  the 
Fredholm  alternative  is  valid  for  the  Integral  equations  g  =  f  +  Af 
and  G  =  F  +  A  F.   In  particular,  the  number  of  linearly  independent 
solutions  of  the  homogeneous  equations  is  the  same  and  is  finite. 

In  the  space  L-^  of  functions  the  p-th  pover  of  which  is  absolutely  inte- 
grable,  the  following  criterion  for  compactness  holds  '-  -^  . 

Lemma  5:     M  6  L  is  compact  provided  that  for  all  x   €  M 

1.  |xl  S  k 

2.  for  each  e  >  0  exists  a  S  >  0  such  that  for  all  h  with  |hl  S  5 
|x(t  +  h)  -  x(t)ll  S  e    holds. 

Applying  these  resiolts,  we  shall  show  that  the  Fredholm  alternative  holds 
for  the  equations 


(5.9)        g  =  f  +  K^f    and   G  =  F  +  KgF 


11. 


To  do  so  ve  choose  the  Banach  space  L  for  the  second  equation  (F,G€L  ).   It 

1*      oo  , 

is  known  that  L   =  L  (the  space  of  integrable  and  almost  everyvhere  bounded 
functions).   Thus  f^gCL 

First  ve  have  to  shov  that  K„  is  a  bounded  operator  in  L  .   To  do  this  ve 
form 


(3.10)   IIk^fI 


F(s')K(s',s)ds' 

n   a 


ds  S   //  |f(s')|  |k(s',s) |ds'ds 


/  |f(s')|  |K(sSs)|dsds'   =  j    |f(s')|  A(s')ds'  g  C  ||Ff 


according  to  Lemma  h-.      It  is  possible  to  change  the  order  of  integration. 

[l2l 
According  to  a  theorem  by  Lusin'-  -' ,    there  exists  for  every  number  e  >  0  a 

surface  Q    c   Q   vith  \il-Q,    I  =   €  such  that  F(s)  is  continuous  in  Q   .      Thus  chang- 

Ing  is  possible  in  Q   (assuming  that  Q     consists  of  regular  points  only). 

Hovever,  the  estimate  obtained  in  (5. 10)  does  not  depend  on  e,  so  that  ve  can 

take  the  limit  e  ^  0  (as  is  customary^  introducing  Improper  integrals). 

Next  ve  prove  that  K^  is  completely  continuous.  Let  M  c  L  be  a  bounded 

set  of  functions  F  C  M,  ||f||  S  C.  ¥e  have  to  shov  that  K^F  is  compact.   To  do 

so  ve  use  Lemma  5.   It  follovs  from  (3«10)  that      < 


(5.11)       IJK  f||   S   c  C  g  k    for  all  F  €  M. 


12. 


Thus  we  form 


(3.12)      i(KoF)(t+h)-(K2F)(t)||   =   n  TfCs')  |K3(s',t+h)-K2(s'.t)}  ds'l  dt 


|f(s')1b  (s',h)  ds' 


vith 


(3.13)      B(sSh)  =  j  iK^CsSt+h)  -  KgCsSt)!  dt  . 

a 

In  order  to  disciiss  b(s'_,1i),  we  choose  all  points  of  Q.   having^  from  edges 

h, 

or  vertices,,  a  distance  S  ^  =  9  v  |h|  (h  sufficiently  small)  and  denote  them  by 

Z  ^ .  Thus  we  can  split  up  Q,   in  the  form  Q  =  Q     +  Z  <-  • 

For  all  points  s'  €  Z^  there  holds^  according  to  Lemma  4: 

(3.1^)       lB(s%h)|sa<"   for  all  h. 

So  let  us  assume  s'  €  fi  .  We  choose  a  sphere  around  s'  with  radius  T(2lh|<2T<^ ) , 

■X- 

We  denote  the  part  of  f2  lying  in  this  sphere  by  s^-   Then  we  get 

(3.15)   r  |K2(s',t+h)-K2(sSt)ldt  S  j'  lK2(sSt+h)ldt+j"  |K2(s',t)|dt  =  O^i-^)    . 

s  s  s 

T  T  T 

According  to  the  mean  value  theorem  of  differential  calculus,  we  get 


(3.16)   r  [K  (sSt+h)-K^(sSt)|dt  S  |h|ma^  f     \   4- K  (s  St+^h)  |dt  g  \h\  a(       ^       .) 
J    ^         ^  ^  (T-|h|) 


CIS  as 

T  T 


15. 


Thus  ve  have   for  all  s ' f  n 


(5.17)  I  B(sSh)|   sO-lT  +       11^ 


or  if  we  choose  |h|  =  f     for  all  jh]  <  (-) 

1 
(3.18)       |b  (sSh)l  S  p|h|      for  all  s'  €  Q* 


Continuing   (5.I2)   ve   arrive   at 


J- 
(3.19)  ||(K2F)(t+h)-(K2F)(t)|l    S     a    J"  |f(s  ' )  1  Is'    +p|h|^l|Fl 


Z 


As  the  indefinite  integral 


(3.20)       r|F(s')|ds' 


is  a  totally  continuous  function,  we  can  find  for  every  given  e  >  0  a  5  >  0  such 
that  for  all  \h\    =  {^t,)      S  5^ 

(3.21)  J     lF(s')ldB'  S  ^ 
Z 

holds.   Furthermore,  for  all  |h|  ^  S   ve  have 

1 

(3.22)  p  C  h  s    . 


Jh. 


Thus,    if  we  choose  jh]  g  6  =  Mln  (5  ^,6  )  ve  finally  get 
(3.25)       ||(K2F)(t+Ji)-(K2F)(t)||  g  e     for  all  F  €  M 

vliich  proves  that  K^  is  completely  continuoiis. 

*  1 

Finally  ve  want  to  show  that  Kp  =  K-,  .   Fvery  functional  on  L  can  "be  writ- 
ten as 


(3.24)       (F,f)  =   /  F(s)  f(s)  ds 

CO 

with  f  e  L  .   Thus 


(3.25)       (KgF^f)  =   /  f(s)   /  K(sSs)  F(s')  ds'ds 


rF(s')  f  f(s)   K(s',s)  ds   ds'  =  (F,K2*f) 


a  Q, 


(3.26)       K^  =£-L 


Thus  the  Fredholm  alternative  holds  for  the  integral  equations 


(5.27)       g  =  f  +  K^f  and  G  =  F  +  K-gF    g,f  £  l""  ;   G,F  €  L^ 


Before  giving  an  explicit  solution  of  the  Dirichlet  problem^  let  us  dis- 
cuss the  solutions  of  the  homogeneous  equations.   First  we  take 


15. 


(3.28)      0  =  f  +  K.f 


1 


We  vant  to  show  that  f  is  continuous  in  regular  points.  Let  s  te  a  regular 
point  of  Q   and  |s  -  s  |  =  h.   Let  the  shortest  distance  of  s 
vertex  be  p.   Then  we  choose  a  sphere  aroixnd  s  with  radius  T(2h  <  t  <  — )  . 
Let  F  (s  )  be  the  part  of  Q.   within  this  sphere.   Then  we  have. 


(5.29)        J         |f(s')|  |K^(s^,s')-K^(s,s')lds'  g  j^       |f(s'l  Ik^(s^,s')I  ds ' 
F,(S3_)  F^(s^) 


J        |f(s')|  |K^(s,s')I  ds'  =  (yi-:) 
F,(bi) 


and 


(5.30)         J         lf(s')|  tKi(Si.s')-K^(s,s')|  ds'  =  O-l^)   . 

n-F^(s^) 

k 

If  we  choose  t  =  h,  we  get  for  all  h  <  Min  (  (-)  ,  ^J 

1 
(5.51)       |(K^f)(s^)-(K^f)(s)|  S  C  Is-s^l^ 

which  proves  Holder  continuity.  At  edges  or  vertices,  of  course,  f  is  no  longer 
continuous  (jump  relation).   Thus,  according  to  Lemma  2,  we  get 


Lemma  6; 
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In  regular  points,  the  solutions  of  the  integral  equation 


f  =  K^f  are  Holder  continuously  differentiable. 
Next  we  prove 


Lemma  7:     The  solutions  of  the  integral  equation  F  =  KpF  are  Holder 
continuously  differentiable  in  regular  points. 

To  prove  Lemma  ^ ,   ve  have  to  show  that  the  solutions  F  are  bounded  in 
regular  points.   When  this  is  established,  we  argue  as  we  did  in  (3.29f).   To 
prove  boundedness,  we  use  the  following  argument.  Let  s  be  a  regular  surface 
element  of  Q .   The  integrals 


(5.32)       (S^^)s  =  j   ^^''^  ^^^^  '^ 


may     exist  for  all  g   £  L-^   (p  fixed  IS  p  S  «=).      Then  F  6  L*^     (-  +  -  =  l) .      Thl£ 
is   certainly  true  for  p  =  °°   and  q.  =  1,    as  F  f  L   .      Thus   let  us  assimie  that 
p  <  00    .      Then   (g,F)      defines  a  fimctional  over  L     which  can  be  written  as 


(3.35)  (g,F)^      =     (g,*). 


€  L^ 


or  with  <t)^=F-<t),    <t>^€L^ 
1  Is 


(3.2i+)  (s^-^i), 


for  all  g   €  L^ 


Nov  we   choose 


(3.35)  g^Cs)      =     ^ 


1  for  s  with  <^As>)    =  0 

sign   <t>^  for  s  with  *,(s)    ?t  0 
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Then  we  have    |g,  (s)|  =  1     or     g     £  L       and 


(3.36)  (Sr^i^s   =    J       '*ll    ^   =  0  ^ 


and  It  follows  that  't> ^    vanishes  or  F  C  L^  . 
1  s 


We  now  prove  Leirmia  7  hy  iterating  this  argument.  Let  s  be  a  regular  point 
and  E  he  a  neighborhood  (e.g.,  a  sphere  with  radius  R)  of  s  lying  entirely  in  a 
regular  surface  element  of  n  .  We  choose 


(3.37) 

Then  ve  have 


€L       j      p   =  2  +   €j,e>0     ,      g  =  0  elsewhere. 


(3.38)      (g.F)^     =     ff  Si^)   F(s')  k(sSs)   ds'ds   =    J    F(s')jj    g(B)  K(s',s)   ds   I   ds ' 


and  with  q  =  1  +  a     (a  <  l) 


(3.39) 


r      g(s)K(8Ss)d8       g        r  |gpds  r|K(sSs)|^ds 


<     00  . 


n  or  E 


Thus  we  obtain  the   result  that  F  £  L        .  ^.t 

E  P±i 

R  2 

Next  we   choose  E     C    E   (e.g.,    a  sphere  with  radius  — )  and  g  f  L  ^    g  =  0 

^1 
e Isewhe  re .      Then 


(3.^0)  (g.F)^        =     /TsCs)   F(s')  K(sSb)   ds'    dB 


=      rF(s')  j    rg(6)  K(sSs)   ds   I   ds'      =     (F,G)jj      . 
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Now  ve  have 


1  P 


(3.41)  |g(s')P   ^(  J   /i?r(/i?r   1k|)P   (/i^   lKl)^.is] 


J  /]¥?  ^  (  /Fg?  |k|)  'is  I   /  /TsT  |k|  dsj 


scj'  yTi(^^^^  |K(sSs)|  dB  =  cj/i?!^-'^  |k| 


ds 


(3.42)  G  C  L^ 

On  the  other  hand,  G  is  bounded  in  Q.  -   E,  "because  g  is  only  in  j:   C  E  different 
from  zero.   Thus 

(3.43)  (F,G)„  =  (F,G)   +  (F,G)     <  » 


Q-E 


because  F  f  L^  and  F  f  L    .   The  corresponding  q  to  £5-  =  ^^  is  1  + 

E  ^-E  '^ 


2 

l+€ 


Therefore  (e=  — ) 


(5.44) 


F  €  L 


7      7 
and  it  follovs  vith  V  =  jr  f    1  ^  ^ 


(3.45) 


7      ^ 

'       7 


rF(s')  K(sSs)   dB'    -  r  [Fp  j 


1  % 


<    00 


This  means  that  F(s)   is  bounded  in  a  neighborhood  of  s   =  s       which  proves 
Lennna  7» 
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h.        Existence  theorem 

In  this  section^  ve  shall  prove 

Theorem  2:   There  exists  a  function,  U(p)_,  which  satisfies  the  following  conditions; 

1.  U(p)  is  twice  different! able  in  G  ; 

2.  In  G  ;,  U(p)  satisfies  the  differential  equation 

U  +  k^  =  0   k  >  0  j 

3.  U(p)  satisfies  the  radiation  condition  unifonuly  for  all 
directions 

^  =  1  k  U  +  o(-)    for  large  r  ; 

^.  Let  g(s)  be  a  continuous  function  on  H  .   Then  U(p)  satisfies 
the  boundary  condition  U(s)  =  g(s)  . 

From  now  on  the  proof  of  the  existence  theorem  proceeds  in  a  way  simi- 
lar to  that  of  the  smooth  case  L-^-l  .   Thus  we  can  deal  with  it  rather  briefly. 
In  the  case  of  the  Dlrichlet  problem,  we  have  the  Integral  equation 

(^.1)  g  =  f  +  K^f. 

Let   $  =  {<t>j   be  the  set   of  homogeneous   solutions 

(^.2)  0     =      *   +  K^<J)  <i>   ^   L° 

and  H  =  (t]}  be  the  set  of  homogeneous  solutions  of  the  adjoint  equation 

(^.3)  0  =   11  +  K^Tl      T]il}. 

Consider  the  function 


(k.k)  V(p)   =   J   TiQ(p,s)  ds  . 
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The  limit 


(^•5)        J   V(s)  ds  -   r  V(s) 


ds 


a 

n 


exists  for  a  sequence  Q     -*  ^     (Take,  e.g.,  parallel  surfaces  Q.     and  consider 
every  regular  surface  element  Z;>  E  "*  Z  alone . )   The  same  is  true  for 


(^•6)      ^  r  |j  r^idsds-  =  r  Tig(s,p)  ds 


Ep       E  E 


•with 


(^.7)      g(.,p)  =  1^  r  ^  ids.    ■ 

S  ■     . 

vhlch  Is  continuous  for  all  s  and  p.   Thus 

(^•8)       /  i  -  ^/  1^  -  • 

We   can  nov  apply  Green's   formula  on  G     bounded  by  fi  vith  the  functions 
V(q)    and  Q(p,q)      P  £' G     and  get 

(i^.9)  0     =      J    }  V(s)   K(p,s)    -     1^  (s)   Q(p,s)|ds    . 


In  regular  points  of  Q,   ve  have 


(^.10)     ll   =  n  +  K^n  =  0. 
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Thus  from  (^.9)    in  regiilar  points,   ve   get 

(^.11)  0     =     V  +  K^V 

vhlch  means  that  V  €  $  .   The  same  argument  gives  V  ^  $  .   Thus  (analogous  to 
(1..6)) 


(4.12)     /  V  i  as  -  /  V  f  a.  , 

Z  E 

P 

and  the  uniqueness  theorem  holds  for  Y{j>).     We  define  a  mapping  Mt)  =  *  =  V(s). 
This  mapping  Is  one  to  one.   For  suppose  (}>  =  0,  then  V  =  0  in  G  .   This  means 


c^-')        i 


11  +  K  =  0 


+ 

or,  together  with  (ij-.lO),  t\  =  0.     Applying  Green's  formula  on  V(p)  and  V(p)  in 
G  we  get,  using  the  radiation  condition, 

(h.lh)  Im   /v-^ds^o"   except  V  =  0 

+ 
or 

(^.15)  Im        /      ri     Mti     ds      T^     0         except  t^   =  0. 

The  matrix  (*     being  a  basis   of  $) 

(if. 16)  C^^     =      J      /  T^^  ds     =     (4.Sti^) 

has  a  non  zero  determinant.  Otherwise  a  ti  €  H  would  exist  with 
(4.17)       ('^^>V      =  0    for  all  ^^   • 
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Or^  if  ve  choose  * .  =  MTi" 

(4.18)  (  M^  ,  T^  )   =   0 

which  means  tj  =  0.   Thus  we  can  find  a  <t>  €  0  such  that 

(4.19)  (r\,g-<i>    )   =  0     for  all  n  €  H. 
The  integral  equation 

(4.20)  g  -  *   =   f  +  K-j_f 

can  now  be  solved.      Let  tj     he   defined  by  <t>      =  Mt)      .      The  function 

(4.21)  U(p)      =      J    f(s)  K(p,s)    ds     +      J      Ti*(s)    Q(p,s)    ds 
then  solves  the   Dirichlet  problem. 
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